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Abstract 

We give infinite dimensional and finite dimensional examples of 
F— fold Lie superalgebras. The finite dimensional examples are ob- 
tained by an inductive procedure from Lie algebras and Lie superalge- 
bras. 



1 Introduction 

It is generally held that supersymmetry is the only non-trivial extension 
of the Poincare algebra. This point of view is based on the two theorems 
Q. However, as usual, if some of the assumptions of these two no-go 
theorems are relaxed symmetry beyond supersymmetry can be constructed 
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all these possible extensions of the Poincare symmetry, new generators are 
introduced. The basic structure underlying these extensions is related to 
algebraic structures which are neither Lie algebras, nor Lie superalgebras. 
In this contribution we would like to give some results concerning fractional 
supersymmetry (FSUSY) [|, 0, |, |, 0, ||, ||, 0, ||, ||, 0, ^ 



21, 22, 23], one of the possible extensions of supersymmetry, and the associ- 



ated algebraic structure, the so-called F— Lie algebra [21]. Such a structure 
admits a Zf grading, the zero-graded part defining a Lie algebra, and an 
F— fold symmetric product (playing the role of the anticommutator in the 
case F = 2) allows one to express the zero graded part in terms of genera- 
tors of the non zero graded part. In section 2 the basic definition of F— Lie 
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algebras will be given. In section 3, some examples of infinite dimensional 
F— Lie algebras will be explicitly constructed. In section 4, some examples 
of finite dimensional F— Lie algebras will be explicitly constructed with the 
classification of the usual Lie (super) algebras as a guideline. 



2 F— Lie algebras 

The natural mathematical structure, generalizing the concept of Lie superal- 
gebras and relevant for the algebraic description of fractional supersymmetry 



was introduced in [21] and called an F— Lie algebra. We do not want to go 
into the detailed definition of this structure here and will only recall the 
basic points, useful for our purpose. More details can be found in pi]]. 

Let F be a positive integer and q = e 2l p. We consider now a complex 
vector space S which has an automorphism e satisfying e F = 1. We set 
A-k = S q k , 1 < k < F — 1 and B = S\ (S q k is the eigenspace corresponding 
to the eigenvalue q k of e). Hence, 



S = B ®A X © • • • © Ap-\. 
We say that S is an F— Lie algebra if: 

1. B, the zero graded part of S, is a Lie algebra. 

2. Ai{i = 1, • • • , F — 1), the i graded part of S, is a representation of B. 

3. There are symmetric multilinear B— equivariant maps 



{ , }:S F (A k )^B. 

In other words, we assume that some of the elements of the Lie alge- 
bra B can be expressed as F— th order symmetric products of "more 
fundamental generators" . It is easy to see that 



{e(a{},--- ,e(a F )} = e({ai,-- - ,a F }) ,Voi,-- - ,a F G A k . 

The generators of S are assumed to satisfy Jacobi identities (6j G B,cn £ 
A k ,l < k < F - 1): 
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[[hMM + [[hMM] + [[bs,h]M = o 

[[h,b 2 ] , a 3 ] + [[b 2 , a 3 ] , h] + [[a 3 , h] ,b 2 } = (1) 
[b, {ai, . . .,a F }] = {[Mi] ) • • ■ H h {«i, • • • , [b,a F ]} 

F+l 

^ [a*, {01, • • • . . .,a F+ i}} = 0. 



i=l 



The first three identities are consequences of the previously defined proper- 
ties but the fourth is an extra constraint. 



More details (unitarity, representations, etc.) can be found in [21]. Let 
us first note that no relation between different graded sectors is postulated. 
Secondly, the sub-space B © C S (k = 1, • • • , F — 1) is itself an F— Lie 
algebra. From now on, F— Lie algebras of the types B will be consid- 
ered. 



3 Examples of infinite dimensional F— Lie algebras 

It is possible to construct an F— Lie algebra starting from a Lie algebra q 
and a q— module T>. The basic idea is the following. We consider g a semi- 
simple Lie algebra of rank r. Let f) be a Cartan sub-algebra of q, let <I> C h* 
be the corresponding set of roots and let f a be the one-dimensional root 
space associated to a £ $. We choose a basis {Hi,i = 1, • • • , r} of t) and 
elements E a £ f a such that the commutation relations become 



[Hi,Hj] 


= 




[Hi,E a ] 


= a l E a 






( e{a,/3}E a+ P 


if a + G $ 


[E a ,E p ] 


_ J 2a. H 
| a. a 


if a + = 




( o 


otherwise 



We now introduce {am, ■ • • ,«( r )} a basis of simple roots. The weight 
lattice A.w(q) C f)* is the set of vectors \i such that £ Z and, as is well 
known, there is a basis of the weight lattice consisting of the fundamental 

weights {M(i), • • • , Hm] defined by c f ( ' ) '" (J , ) = <%• A weight /x = ^ is 

called dominant if all the n« > and it is well known that the set of dominant 
weights is in one to one correspondence with the set of (equivalence classes 
of) irreducible finite dimensional representations of q. 
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Recall briefly how one can associate a representation of g to \i € h*, \i = 
Y2i=i n i^i^ n i £ C. We start with a vacuum \[i > such that 

E a \fi >= 0,a > 0, 

2— 2— |/x >= nj|/i >),i = 1, • • • ,r. (3) 

The space obtained from |/x > by the action of elements of q: 

V ll = {E- a (n)... E - a W\n>,a {il) ,--- ,a (lk) >0}, 

clearly defines a representation of g. Taking the quotient of by its max- 
imal g— stable subspace, the representation of highest weight \x is ob- 
tained. If the rii are positive integers, this is the irreducible finite dimen- 
sional representation of g corresponding to the dominant weight fj,. 

To come back to our original problem, consider a finite dimensional ir- 

r 

reducible representation D„, with highest weight jx = Yl n i^ii n i G N. The 

i=l 

basic idea to try to define a structure of an F— Lie algebra on S = B © A% = 
(g © © T>j± since, roughly speaking, the representations and Vj± can 
be related: 



S F (2> m/f ) ~ 2? M . (4) 

Indeed |£ >® F G 5 F MD^) and \fi >G £> M both satisfy Eq.[§. However, 
the representation T)^ is finite dimensional but the sub-representation of 
S F \P^\ generated by \^ >® F is infinite dimensional [[H], ^]. Thus, the 
main difficulty, in such a construction, is to do with the requirement of 
relating an infinite dimensional representation T^^if to a finite dimensional 
representation in an equivariant way, i.e. respecting the action of g. One 
possible way of overcoming this difficulty is to embed T>^ into an infinite 



dimensional (reducible but indecomposable) representation [21, |22], |23|. An- 
other possibility is to embed g into an infinite dimensional algebra (dubbed 
V(g)) [^, |23|, 24]) and extend the representations and £>m to represen- 



tations of V(q). 

There is another difficulty related to such a construction. If one starts 
with the vector representation of so(l,<i — 1), the representation 
cannot be exponentiated (see |2j| e.g.) and does not define a representation 



of the Lie group 50(1, d — 1) (the universal covering group of SO(l, d — 1)) 
except when d = 3, where such representations describe relativistic anyons 
II, II- 
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4 Example of finite dimensional F— Lie algebras 



In the previous section, we indicated how one can construct infinite dimen- 
sional examples of F— Lie algebras. In this section, with the classification of 
Lie (super)algebras as a guideline, we will give an inductive construction of 
finite dimensional F— Lie algebras. 
In what follows S is a 1— Lie algebra means: 

1. S = flo © 01) with go a Lie algebra and 0i is a representation of 0o 
isomorphic to the adjoint representation; 

2. there is a 0o— equivariant map fi : 0i — > 0o such that [/i,/u(/2)] + 

[/ 2 ,M/i)] =0,/i,/ 2 egi. 
The basic result is the following theorem: 

Theorem 4.1 Let q be a (complex) Lie algebra and Q\ a representation of 
O . Suppose given 

(i) the structure of an F\—Lie algebra on S\ = O © X ; 

(ii) the structure of an F^—Lie algebra on S2 = C © 0j.. 

Then S = (0 O © C) © Q x can be given the structure of an (F\ + F2)—Lie 
algebra. 

Proof 

There exists (i) a O — equivariant map n\ : S Fl (q ± ) — > 0o and (ii) a 
O — equivariant map \i2 : S F2 (0 X ) — ► C, the second map is just a sym- 
metric F 2 t]l — order invariant form on 0i. Now, consider n : S Fl+F2 (0 X ) — ► 
00 © C = 00 defined by V/i, • • • , /f!+f 2 € X : 



M(/ir" Jf 1 +f 2 ) = (5) 

^T^T »l(fa(l),---J<r(f Fl ))®V2(f*(f Fl+1 ),---Ja(f Fl+F2 ))- 
aeSp 1+ p 2 

with 5i? 1+ ir 2 the group of permutations of F1+F2 elements. By construction, 
this map is a O — equivariant map from S Fl+F2 (g ± ) — > g , thus the first 
three Jacobi identities ([[]) are clearly satisfied. The last Jacobi identity is 
more difficult to check and is directly related to the last Jacobi identity for 
the F\— Lie algebra S\ by a factorisation property. Indeed (with F = F1+F2) 
if one calculates: 

F 

^ [fi,fJ-(fo, ■ ■ ■ , fi-l, fi+l, ■ ■ ■ , /f)] j 
i=0 
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and selects terms of the form (with a G Sp 1+ p 2+ i)) /Ui(/<j(i), ■■■ , fa{f F )) ® 

»2{fa(f Fl+1 ), ■ ■ ■ , L(f Fl+F2 ), using M2(/ ( r(/ n+1 ). , L(f Fl+ F 2 ) G C the iden " 

tity reduces to 

X] [/<r(i) i Ml (/o-(l))' - " > /<r(i-l) > fa(i+l) > " " " > fa(f Fl )j 
i=0 

®M/aO> 1+1 ), • • • , fa(f Fl+ p 2 ) = 0. 

This follows from the corresponding Jacobi identity for the i^i— Lie algebra 
Si- Now proceeding along the same lines for the other terms, a similar 
factorisation works. Thus the fourth Jacobi identity is satisfied and S is an 
{F\ + F 2 )— Lie algebra. 
QED 

Here there are some families of examples: 

1. Si = Q © Ad(g)( a 1— Lie algebra); 

S2 = C©Ad(g) (a Lie superalgebra if g admits an equivariant quadratic 
form) . 

2. If g = Qo © 0i is a Lie superalgebra (basic of type I or II or Q(n) |2~ 
we associate to g an "augmented" Lie superalgebra as follows: 




if is of type I 
if is of type II (6) 
if = Q(n), 

The non-zero graded part of these "augmented" Lie superalgebras al- 
ways admits a go invariant quadratic form and hence S2 = C © T is a 
Lie superalgebra: 

For the type I superalgebras we have gi = 5) © 2)* (see ^7|), and so 
one has a natural map: S 2 (2) © T)*) — > C. 

For the type II superalgebras, we recall that gi admits an invariant 



antisymmetric bilinear form and hence gi = T> is self-dual [27]. There- 
fore, there is an invariant quadratic form on T = gi © gi. 

For the strange superalgebra Q(n), go = sl(n + 1), the representation 



gi is the adjoint representation of go (see ]27J) and hence admits an 
invariant quadratic form (the Killing form). 
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The existence of an invariant bilinear form on Q\ (i.e. before the 
"augmentation" (^)) means that there is a go - equivariant mapping 
<S± 2 (fli) — ► C (where iS+ 2 (0i) (resp. 5_ 2 (gi)) represent the two- 
fold symmetric (antisymmetric) tensor product of Qi). We denote 
generically this tensor by 5 a p when it is symmetric and Q a p when 
it is antisymmetric. This can equivalently be rewritten in a basis of 
01, -Fa G 01 



{F a , Fp} = 5 a/ 3, for the type I superalgebras and for Q(n) , , 
[.F a ,.Fg] = U a p, for the type II superalgebras . 

with { , } (resp. [ , ]) the symmetric (resp. antisymmetric) bilinear 
forms. 

However, after the "augmentation " (|6|) in the case of Lie superalgebra 
of type II, the mapping 1S 2 (J-) — ► C (i.e. the quadratic form on J-) 
reads 



{Fi a , Fjf}} — EijQ a /3, (8) 

with Fi a £ 01 ©Si- The index a represents the 0i degrees of freedom, 
the index i(i = —1,1) the two copies of 0i and the two dimensional 
antisymmetric tensor. 



To conclude, we will give an example of a 3— Lie (resp. 4— Lie) algebra, 
associated to a 1— Lie algebra (resp. superalgebra). 

Example 4.2 Let q be a Lie algebra and q l the adjoint representation of 
Q and S3 = 0o©0i- We introduce J a ,A a ,a = 1, • • • , dim(0o) a basis of 
S3. We denote tr(^4 a Af,) = g a ^ the Killing form. The trilinear bracket of the 
3— Lie algebra S3, associated to the Lie algebra q, is: 



{A a , A b , A c } = g ab J c + g ac J b + g bc J a - (9) 



If = s((2), this is the 3— Lie algebra constructed in [28]. 

Example 4.3 As a second example we give the formulae for the quadrilin- 
ear bracket of the 4— Lie algebra constructed from the orthosymplectic super- 
algebra. Starting from osp(m|2n) = Iso(m) ©sp(2n)l © (m, 2n), we define 



osp(m\2n; 4) = (so(m) © $p(2n) © u(l)) © ((m, 2n)+ © (m, 2n)" 



7 



Let F q i a (q = — 1, +1, 1 < i < m, 1 < a < 2n) denote the odd part, the 
so(m) generators, S a p the sp(2n) generators and h the u(l) generator (Jij 
are antisymmetric and S a /3 are symmetric). The invariant tensor on so(m) 
is given by the symmetric tensor 5ij and on sp(2n) by the antisymmetric 
tensor Q a p, hence the invariant tensor for osp(m|2n) is given by 5ijVL a p. 
Thus, the quadrilinear bracket of the A— algebra takes the form 



{Fqihan Tg 2 i 2a2 , Fq 3 i 3a3 , Fq 4 i 4a4 } = (10) 
£ 9l92^n*2^CHQ2 ( ^93+94 < ^3+*4'-'o304 ^<j3+<?4^«3 "4*^*3*4 + a( 5<j3+<?4 £ *3*4 ^0 3 4 h) 

+ e gi 93*^1*3^0103 ( < 5g2+g4 < ^2+*4 , -'o204 + ^92+94^0204^*2*4 a ^q2+qi e i2i<S^O'20'<J l ) 
^qiq^il *4 ^0104 {^q2+q3^i2+i3^0l2Cl3 ^<?2+<73^C*2C*3 "^*2*3 < ^g2+g3^'*2*3 ^0203 ^) 
^-5293^*213^0203 ( < 5gi+94 < 5*i+*4 , -'oi04 ~\~ Sq 1 ^-q 4 ^l aia4 Ji 1 i^ -\- ClSq 1 -\-q 4 £i 1 i 4 ^l aia4 h^ 

+ £9294^2*4^0204 

+ 5 qi+q3 Q aia3 J hi3 + aSq 1+q3 £ hi3 Q aia3 h) 

^9394 ^3*4^0304 ( < ^(}i+92 < ^n+*2 , 5'oi02 + ( ^<Ji+<j2^0l02 < ^*l*2 a< ^9l+<?2 £ *1*2 ^ai«2 ^) 5 

with oGC. 



Remark 4.4 should be noticed that F—Lie algebras associated to Lie 
algebras (resp. to Lie superalgebras) are of odd (resp. even) order. 

5 Conclusion 

In this paper a sketch of the construction of F—Lie algebras associated to 
Lie (super)algebras was given. More complete results, such as a criteria 
for simplicity, representation theory, matrix realisations etc., will be given 
elswhere. 
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